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Abstract. We establish a lower estimate for the Kobayashi-Royden infinitesimal 
pseudometric on an almost complex manifold {M, J) admitting a bounded strictly 
plurisubharmonic function. We apply this result to study the boundary behaviour 
of the metric on a strictly pseudoconvex domain in M and to give a sufficient 
condition for the complete hyperbolicity of a domain in (M, J). 



Introduction 

In the recent paper S.Kobayashi studied the foUowing question : Does every 
point in an almost complex manifold admit a basis of complete hyperbolic neighbor- 
hoods ? This question was solved in dimension four by R.Debalme and S.Ivashkovich 

In the present paper, we give a lower estimate on the Kobayashi-Royden infinites- 
imal metric on a strictly pseudoconvex domain in an almost complex manifold (such 
estimates are well-known in the integrable case A corollary of our main result- 
gives a positive answer to the previous question in any dimension : every point in an 
almost complex manifold has a complete hyperbolic neighborhood. 

Our approach consists of two parts. In order to localize the Kobayashi-Royden 
metric we use a method developped essentially by N. Sibony J^l in the case of the 
standard complex structure (see also [5] by K. Diederich-J.E. Fornaess and by 
N. Kerzman-J.P. Rosay). This is based on the construction of special classes of 
plurisubharmonic functions. Then we apply an almost complex analogue of the scaling 
method due to S.Pinchuk in the integrable case (see, for instance, ^2]) and obtain 
presice estimates of the metric. We point out that similar ideas have been used by 
F.Berteloot jSlE! in order to estimate the Kobayashi-Royden metric on some classes 
of domains in C" . 

We note that S.Ivashkovich and J.P.Rosay recently proved in among other 
results, estimates of the Kobayashi-Royden metric similar to ours under weaker as- 
sumptions on the regularity of the almost complex structure. 

Acknowledgments. The authors thank E. Chirka, B. Coupet, S. Ivashkovich and 
J.-P.Rosay for helpful discussions and the referee for valuable remarks. We are par- 
ticularly indebted to S.Ivashkovich who pointed out an erroneous argument in the 
previous version of our paper. 

1. Preliminaries 

1.1. Almost complex manifolds. Let (M', J') and (M, J) be almost complex man- 
ifolds and let / be a smooth map from M' to M. We say that / is ( J', J)-holomorphic 
if dfoj' = Jodf on TM'. We denote by 0(j,j){M', M) the set of (J', J)-holomorphic 
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maps from M' to M . Let A be the unit disc in C and Jst be the standard integrable 
structure on C" for every n. If (Af, J') = (A, Jst), we denote by C'j(A, M) the set 
0(7^,^ J) (A, Af) of J-holomorphic discs in M. 

The following Lemma shows that every almost complex manifold (Af , J) can be 
viewed locally as the unit ball in C" equipped with a small almost complex deforma- 
tion of Jst- This will be used frequently in the sequel. 

Lemma 1. Let (Af, J) be an almost complex manifold. Then for every point p £ M 
and every Aq > there exist a neighborhood U of p and a coordinate diffeomorphism 
z : U ^ M such that z(p) = 0, dz{p) o J(p) o dz~^{0) = Jst and the direct image 
z^:{J) := dz o J o dz~^ satisfies \\z^:{ J) — Jst\\c^(K) — '^o- 

Proof. There exists a diffeomorphism z from a neighborhood J7' of p G A/ onto B 
satisfying z{p) = and dz{p) o J[p) o dz^^{Q) ~ Jst. For A > consider the dilation 
d\ : t i—> X~^t in C" and the composition z\ ^ dx ° z. Then lim^^o II(-2^a)*(^) ~ 
Jst||g2(B') — 0. Setting U = z^^{M) for A > small enough, we obtain the desired 
statement. □ 

1.2. dj and dj operators. Let {M,J) be an almost complex manifold. We denote 
by TM the real tangent bundle of Af and by TcAf its complexification. Recall that 
TcAf = r(i'0)Mer(0'i)Af where T^^'O^Af {X e TpAf : JX = iX} = {C-iJCC e 
TAf}, and T^^-^'^M {X £ TcM : JX = -iX} = {( + iJCC e TAf}. Let T*Af 
denote the cotangent bundle of Af . Identifying C(S)T*M with T^M := Hom{TcM, C) 
we define the set of complex forms of type (1, 0) on Af by : o)Af — {w £ T^M : 
w{X) = 0,yX £ rt^^i^Af} and the set of complex forms of type (0,1) on Af by : 
T(o,i)Af = {w£ T^M : w{X) = OyX £ T^^'°^M}.. Then T^M = T(i,o)Af ® T(o,i)Af . 
This allows to define the operators dj and dj on the space of smooth functions defined 
on Af : given a complex smooth function u on Af , we set dju — g) £ T(^i,o)M 
and dju = (fM(o.i) ^ '^(0,1)^ ■ usual, differential forms of any bidegree {p,q) on 
(Af , J) are defined by means of the exterior product. 

2. J-PLURISUBHARMONIC FUNCTIONS WITH LOGARITHMIC SINGULARITIES 

2.1. Plurisubharmonic functions. We first recall the following definition : 

Definition 1. An upper semicontinuous function u on {M,J) is called J- 
plurisubharmonic on M if the composition u o f is subharmonic on A for every 
f£Oj{A,M). 

If Af is a domain in C" and J = Jst then a Jsf-plurisubharmonic function is a 
plurisubharmonic function in the usual sense. 

Definition 2. Let u be a function on M , let p £ M and v £ TpM . The Levi form 
of u at p, evaluated on v, is defined by C'\u){p){v) := —d{J*du)(X, JX){p) where X 
is any vector field on TM such that X{p) — v. 

Following OEII we have : 

Proposition 1. Let u be a C"^ real valued function on M , let p £ M and v £ TpM . 
Then C-^{u){p){v) = A(w o /)(0) where f is any J-holomorphic disc in Af satisfying 
/(0)=p, df{0){d/dx)^v. 

Obviously the Levi form is invariant with respect to biholomorphisms. More pre- 
cisely let M be a real valued function on Af , let p G Af and v £ TpM. If $ is 
a diffeomorphism from {M,J) to {AI',J'), ( J, J')-holomorphic, then C\u){p){v) — 
£■^'(^0 $-i)($(p))(d$(p)(w)). 
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Finally it follows from Proposition ^ that a real valued function u on M is 
J-plurisubharmonic on M if and only if C"^ {u){p){v) > for every p e M, v € TpM . 

This leads to the definition : 

Definition 3. A real valued function u on M is strictly J-plurisubharmonic on 
M if C"^ (u) (p) (v) is positive for every p G M, v € TpM\{0} . 

We have the following example of a J-plurisubharmonic function on an almost 
complex manifold {M, J) : 

Example 1. For every point p G {M,J) there exists a neighborhood U of p and a 
diffeomorphism z : U M centered at p (ie z(p) — 0) such that the function |zp is 
J-plurisubharmonic on U . 

Proof. Let p G M, Uq be a neighborhood of p and z : Uq M he local complex 
coordinates centered at p, such that dz o J(j)) o dz~^ — Jst on B. Consider the func- 
tion u{q) — \z{q)\'^ on C/q- For every w,v G C" we have C^'*{uo z^^){w){v) = 
Let i3(0,l/2) be the ball centered at the origin with radius 1/2 and let £ be the 
space of smooth almost complex structures defined in a neighborhood of i?(0, 1/2). 
Since the function (J',w) C'^ {uo z~^){w) is continuous on £ x _B(0, 1/2), there 
exist a neighborhood V of the origin and positive constants Aq and c such that 
C'^ [u o z~^){q){v) > c|ju|p for every q G V and for every almost complex struc- 
ture J' satisfying || J' — Jst \\c2{v) — -^o- Let Ui be a neighborhood of p such that 
\\z^,{J) — Jat||^2( ^([/^) ) < Ao and let < r < 1 be such that -8(0,7-) C V and 
U := z~^{B{0,r)) C Ui. Then we have the following estimate for every q G U 
and V G TqM : C'' {u){q){v) > c\\v\\^. Then r~^z is the desired diffeomorphism. □ 

We also have the following 

Lemma 2. A function u of class in a neighborhood of a point p of (Af, J) is 
strictly J-plurisubharmonic if and only there exists a neighborhood U of p with local 
complex coordinates z : L/ — > B centered at p, such that the function u — c\z\'^ is 
J-plurisubharmonic on U for some constant c > 0. 

The function logjzj is J^t-plurisubharmonic on C" and plays an important role 
in the pluripotential theory as the Green function for the complex Monge-Ampere 
operator on the unit ball. In particular, this function is crucially used in Sibony's 
method in order to localize and estimate the Kobayashi-Royden metric on a complex 
manifold. Unfortunately, after an arbirarily small general almost complex deformation 
of the standard structure this function is not plurisubharmonic with respect to the 
new structure (in any neighborhood of the origin), see for instance So we will 
need the following statement communicated to the authors by E.Chirka : 

Lemma 3. Let p be a point in an almost complex manifold (M,J). There exist a 
neighborhood U of p in M , a diffeomorphism z : J7 — )■ B centered at p and positive 
constants Aq, A, such that the function log \z\ -\- A\z\ is J' -plurisubharmonic on U for 
every almost complex structure J' satisfying \\J' — J\\c^{u) — ^o- 

Proof. Consider the function u = \z\ on B. Since £''=*(wo z~^){w){v) > ||w|p/4|z/;| for 
every w € B\{0} and every v G C", it follows by a direct expansion of (u) that 
there exist a neighborhood U of p, U CC Uq, and a positive constant Aq such that 
{u){q){v) > 111111^/512(9)1 for every q e U\{p}, every v £ TqM and every almost 
complex structure J' satisfying \\J' — J\\c2(u) — ^o- Moreover, computing the Lapla- 
cian of log |/| where / is any J-holomorphic disc we obtain, decreasing Aq if necessary, 
that there exists a positive constant B such that (log |z|)(g)(i;) > —5111111^/12(5)1 
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for every q € U\{p}, every v € TqM and every almost complex structure J' satisfying 
II J' — =/||c2(c7) < Aq. We may choose A = 25 to get the result. □ 

3. Localization of the Kobayashi-Royden metric on almost complex 

manifolds 

Let (Af , J) be an almost complex manifold. In what follows we use the notation 
C = a; + iy e C. According to J^Ij for every p G M there is a neighborhood V of 
in TpM such that for every v & V there exists / € Oj{A,M) satisfying /(O) = p, 
df{Q){d/dx) = V. This allows to define the Kobayashi-Royden infinitesimal pseudo- 
metric K(M,J)- 

Definition 4. For p Cz M and v G TpM, i^(M.j)(Pi the infimum of the set of 
positive a such that there exists a J -holomorphic disc / : A — > Af satisfying /(O) ~ p 
and df{0){d/dx) ~ v/a. 

Since for every / e O^ji j){M\ Af) and every if € Oj(A, Af ) the composition f oif 
is in 0,/(A, Af ) we have : 

Proposition 2. Let f : {M',J') {M,J) be a {J' , J) -holomorphic map. Then 
K(M,j){f{p'),df{p'){v')) < K(M'j'){p',v')for every p' e Af, v' G Tp,Af . 

We denote by c?^,^ j-^ the integrated pseudodistance of the Kobayashi-Royden infin- 
itesimal pseudometric. According to the almost complex version of Royden's theorem 
, it coincides with the usual Kobayashi pseudodistance on (Af, J) defined by means 
of J-holomorphic discs. Similarly to the case of the integrable structure we have : 

Definition 5. {i) Let p E Af . Then Af is locally hyperbolic at p if there exists a 
neighborhood U of p and a positive constant C such that for every q E U , v E TqM : 
K(M,j){q,v) > C\\v\\. 

(ii) (Af , J) is hyperbolic if it is locally hyperbolic at every point. 

{Hi) (Af, J) is complete hyperbolic if the Kobayashi ball Bj^j^j j^{p, r) :— {q E AI : 

^(A/ j)iP' ^} relatively compact in Af for every p £ Af , r > 0. 

Lemma 4. Let r < 1 and let Or be a smooth nondecreasing function on such 
that 9r{s) — s for s < r/3 and 9r{s) — 1 for s > 2r/3. Let {M,J) be an almost 
complex manifold, and let p be a point of M . Then there exists a neighborhood U of 
p, positive constants A — A{r), B = B[r) and a diffeomorphism z : [/ — > B such that 
z{p) = 0, dz(p)o J(j5)odz-i(0) = Jo and the function \og(er(\z\^)) + 9r{A\z\) + B\z\'^ 
is J -plurisubharmonic on U . 

Proof of Lemma Denote by w the standard coordinates in C". It follows 
from Lemma 3 that there exist positive constants A and Ao such that the func- 
tion log(|wp) -t-vllwl is J'-plurisubharmonic on B for every almost complex structure 
J', defined in a neighborhood of B in C" and such that || J' — Jst\\c^(B) < Ao. This 
means that the function v{w) = \og{6r{\w\'^)) + dr{A\w\) is J'-plurisubharmonic on 
B{0,r') = {w € C" : |w| < r'} for every such almost complex structure J', where 
r' = inf{^/rj3,r/3A). Decreasing Aq if necessary, we may assume that the function 
|wp is strictly J'-plurisubharmonic on B. Then, since v is smooth on B\f?(0, r'), there 
exists a positive constant B such that the function v + B\w\'^ is J'-plurisubharmonic 
on B for || J' — Jst\\c^(B) — Ao- According to Lemma ^ there exists a neighborhood U 
of p and a diffeomorphism z : C/ — > B such that ||z,(J) — Jst||c2(i) ^ Aq. Then the 
function v o z = log{9r{\z\'^)) + 6*^(^12:1) + f?|zp is J-plurisubharmonic on U. □ 
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Proposition 3. (Localization principle) Let D be a domain in an almost complex 
manifold [M,J), let p G D, let U be a neighborhood of p in M (not necessarily 
contained in D) and let z : U M be the diffeomorphism given by Lemma ^ Let 
u be a function on D, negative and J-plurisubharmonic on D. We assume that 
— L < u < on DnU and that u — c\z\'^ is J-plurisubharmonic on DC\U , where c and 
L are positive constants. Then there exist a positive constant s and a neighborhood 

V GG U of p, depending on c and L only, such that for q Cz D HV and v £ TqM we 
have the following inequality : 

(1) K(^Dj){q,v) > sK(Dnu,J){<l,v). 

We note that a similar statement was obtained by F.Berteloot [2j in the integrable 
case. The proof is based on N.Sibony's method IT3j. 

Proof of Proposition^ Let < r < 1 be such that the set Vi :— {q €U : \z{q)\ < y/r} 
is relatively compact in U and let 9r be a smooth nondecreasing function on R+ such 
that 6r{s) = s for s < r/3 and 6r{s) = 1 for s > 2r/3. According to Lemma 01 there 
exist uniform positive constants A and B such that the function 

\og{0r{\z - z{q)\^)) + 0r{A\z ~ z{q)\) + B\z\' 

is J-plurisubharmonic on U for every q £ V. By assumption the function u ~ c\z\^ is 
J-plurisubharmonic on Z) n t/. Set r — 2_B/c and define, for every point g € V^, the 
function by : 

r = 6*^(12 -z(g)|2)exp(6l,,(A|z-z(g)|))exp(™(z)) if zeDnf/, 

[ *g = exp(l + Tu) on D\fJ. 

Then for every < e < -B, the function log(\E'q) — is J-plurisubharmonic on 
DnU and hence ^'q is J-plurisubharmonic on DnU. Since ^'q coincides with exp(rw) 
outside [/, it is globally J-plurisubharmonic on D. 

Let / e OjiA,D) be such that /(O) ^ q e Vi and {df/dx){0) = v/a where 

V G TqM and a > 0. For C sufficiently close to we have 

/(C) = 9 + rf/(0)(C) + o(|CP). 

Setting C = Ci -f iQ2 and using the J-holomorphy condition (i/(0) o J^i — J o d/(0), we 
may write : 

dfmo = cidfmd/dx)+c2j{df{o)id/dx)). 

Consider the function 

^(C) = *,(/(C))/ICI' 

which is subharmonic on A\{0}. Since 

^(C) - 1/(0 - 9l VICP exp(^|/(C) - q\) exp(™(/(C))) 
for C, close to and 

M/(o)(C)l<ICI(l|/ + ^IIIM/(o)(9/ax)||) 

we obtain that limsup^^Q 'p(C) is finite. Moreover setting C2 = we have 
limsup(^(C) > \\df{0){d/dx)\\^exp{^2B\u(q)\/c). 

Applying the maximum principle to a subharmonic extension of tp on A we obtain 
the inequality 

\\df{0)id/dx)\\^ < cxp(l + 2B\u{q)\/c). 



6 



HERVE GAUSSIER AND ALEXANDRE SUKHOV 



Hence, by definition of the Kobayashi-Royden infinitesimal pseudometric, we obtain 
for every q € DnVi, v £ TqM : 

1 /2 

(2) K^Dj){q,v) > fexp ( -1 - 25^^)1' ' 



V 



Consider now the Kobayashi ball B(]j j){q,a) ~ {w E D : d^^^ j-^{w,q) < a}. It 
follows from Lemma 2.2 of 4 (whose proof is identical in the almost complex setting) 
that there is a neighborhood V of p, relatively compact in Vi and a positive constant 
s < 1, independent of q, such that for every / e Oj{A,D) satisfying /(O) £ DnV 
we have f{sA) C D DU. This gives the inequality QJ. □ 

4. Scaling and estimates of the Kobayashi-Royden metric 

In this Section we present a precise lower estimate on the Kobayashi-Royden in- 
finitesimal metric on a strictly pseudoconvex domain in (M, J) . 

Theorem 1. Let M be a real 2n- dimensional manifold with an almost complex struc- 
ture J and let D — {p < 0} he a relatively compact domain in {M,J). We assume 
that p is a C'^ defining function of D , strictly J -plurisubharmonic in a neighborhood 
of D. Then there exists a positive constant c such that : 



\djp{p){v - iJ{p)v)\' 



1/2 



for every p £ D and every v £ TpM . 

We start with the small almost complex deformations of the standard structure. 
In the second subsection, we consider the case of an arbitrary almost complex struc- 
ture, not necessarily close to the standard one. We use non-isotropic dilations in 
special coordinates "reducing" an almost complex structure in order to represent 
a strictly pseudoconvex hypersurface on an almost complex manifold as the Siegel 
sphere equipped with an arbitrary small deformation of the standard structure. We 
stress that such a representation cannot be obtained by the isotropic dilations of 
Lemma 1 since the limit hypersurface is just a hyperplane. 

4.1. Small deformations of the standard structure. We start the proof of The- 
orem ^ with the following : 

Proposition 4. Let D = {p < 0} be a bounded domain in C", where p is a 
defining function of D, strictly J^t -plurisubharmonic in a neighborhood of D. Then 
there exist positive constants c and Aq such that for every almost complex structure 
J defined in a neighborhood of D and such that \\J — Jst\\c^(D) — estimate |^ is 
satisfied for every p £ D, v £ C". 

Proof. We note that according to Proposition O (see estimate (|2Jl) it is sufficient to 
prove the inequality near dD. Suppose by contradiction that there exists a sequence 
ip^) of points in D converging to a boundary point q, a sequence {v'^) of unitary 
vectors and a sequence (J^) of almost complex structures defined in a neighborhood 
of D, satisfying || Ji, — Jst\\c^{D) ^u~*oo 0, such that the quotient 



(4) ^(Dnc/,J„)(P",«" 



\dj^p{pn{v'' -iMp^vn? 



-1/2 



tends to as tends to oo, where J7 is a neighborhood of q. For sufficiently large v 
denote by (5^ the euclidean distance from p'^ to the boundary of D and by q'^ £ dD 
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the unique point such that \p'^ — (f\ = 5u- Without loss of generahty we assume that 
g = 0, that To{dD) = {z ('z,z„) e C" : i?e(z„) = 0} and that J^iq") = Jst for 
every v. 

Consider a sequence of biholomorphic (for the standard structure) transformations 
in a neigborhood of the origin, such that T'^{q'^) = and such that the image 
D" T''{D) satisfies 

ToidD") = {z e C" : i?e(z„) = 0}. 

We point out that the sequence (T'^)u converges uniformly to the identity map since 
q'''^q = Oa,si'^oo and hence that the sequence {{T'^)~^)i, is bounded. We still 
denote by Ji, the direct image (T''),(Jjy). Let Ui be a neighborhood of the origin 
such that U C Ui. For sufficiently large ly we have T^{U) C Ui. We may assume that 
every domain is defined on [/i by 

DT\Ui={zeUi: p\z) i?e(z„) + I'zp + 0{\zf) < 0}, 

and that the sequence {p"^ = T'^ij)") = {Q',~6y))y is on the real inward normal to 
dD'^ at 0. Of course, the functions converge uniformly with all derivatives to the 
defining function p of D. In what follows we omit the hat and write p'^ instead of p"^. 
Denote by R the function 

R{z) = i?e(z„) + + (i?e(z„) + |'z|2)2. 

There is a neighborhood Vq of the origin in C" such that the function R is 
strictly Jsj-plurisubharmonic on Vq. Fix a > small enough such that the point 
= ('0, — a) belongs to Vq. Consider the dilation Ki, defined on C" by K^{z) = 
{{a/SuY^"^ {d/^ujZn)- If we set := k^o J^o (Ai,)^-^ then we have : 

Lemma 5. limj^^oo J" = Jst, uniformly on compact subsets o/C". 

Proof. Considering J as a matrix valued function, we may assume that the Taylor 
expansion of at the origin is given by Ji, — Jst + Ly{z) + 0(|zp) on J7, uniformly 
with respect to v. Hence J''{z°){v) = Jst{v) + L^i! z,{5^laYl'^zJ){v) ^ 0{\{5^\) \\v\\. 
Since limi^^^oo = Qhy assumption, we obtain the desired result. □ 
Let p" := {a/5^,)p'' o A^^ and G" := {z e K{Ui) : p^iz) < 0}. Then the function 
R'^ := + {p'^)^ converges with all its derivatives to R, uniformly on compact subsets 
of C". Hence R'^ is strictly plurisubharmonic on Vq and according to Lemma there 
is a positive constant C such that for sufficiently large v the function R'^ — C\z\'^ is 
strictly J'^-plurisubharmonic on Vq. Since sup^ggi^pgy;^ (R-'iz) - = -C' < 0, 

the function 

r R^-Clz]^ on DT\Vo 
R" := I 

{ ^ on D'^XVo 

is J^-plurisubharmonic on G"', strictly J'^-plurisubharmonic on n Vq. Since 
belongs to Vq, it follows from the Proposition^ (see estimate |5J) that there exists a 
positive constant C > such that for sufficiently large v we have : 

Ki^G^j^){z'^,v)>C'\\v\\ 

for every w G C". 

Moreover for v G C" and for sufficiently large v we have : 



K^^D-^r.u^jJp\v)^K(^G''j.){z'',K{v)) > C II A,{v) \\ 
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This gives the inequahty : 

K^D-^nuj.){p'',v)>C' (^^ + 



Since Ci5i, is equivalent to as ^ oo, we obtain that there is a positive 

constant C" such that 



1/2 



01 

Since J,(0) = Jsu we have J,(p'^)(«))|2 = |aj,,p(p-)(z;)|2 || v ||2= 

[I'nP + II w ll'^- Hence there exists a positive constant C such that 

i^(.^n.„Mb > C + j , 

contradicting the assumption on the quotient Q). This proves the desired estimate. 

□ 

We have the following corollary : 

Corollary 1. Let {M, J) be an almost complex manifold. Then every p € M has a 
basis of complete hyperbolic neighborhoods. 

Proof. Let p E M. According to Example 1 there exist a neighborhood U oi p and 
a diffcomorphism z : U ^ M, centered at p, such that the function |zp is strictly 
J-plurisubharmonic on U and \\zi,(J) — Jst\\c2(u) ^ -'^o- Hence the open ball {x £ C" : 
||x|| < 1/2} equipped with the structure z*(J) satisfies the hypothesis of Theorem 
^ Now the estimate on the Kobaysahi-Royden metric given by this theorem implies 
that this ball is complete hyperbolic by the standard integration argument. □ 

4.2. Arbitrary almost complex structures. We turn now to the proof of Theo- 
rem^ on an arbitrary strictly pseudoconvex domain in an almost complex manifold 
(M, J) (J is not supposed to be a small deformation of the standard structure). In 
view of Proposition |31 it suffices to prove the statement in a neighborhood U oi a 
boundary point q G dD. Considering local coordinates z centered at q, we may as- 
sume that _D n ?7 is a domain in and G dD, J(0) = Jst. The idea of the proof is 
to reduce the situation to the case of a small deformation of the standard structure 
considered in Proposition 0] In the case of real dimension four Theorem ^ is a direct 
corollary of Proposition 01 In the case of arbitrary dimension the proof of Theorem ^ 
requires a slight modification of Proposition 01 So we treat this case seperately. 

4.2.1. Case where dimM = 4. According to (5U1 Corollary 3.1.2, there exist a neigh- 
borhood U of g in M and complex coordinates z = (zi, Z2) : C/ ^ B2 C C^, z(0) = 
such that z,(J)(0) = Jst and moreover, a map / : A ^ B is J' := z*( J)-holomorphic 
if it satisfies the equations 



(5) ^^A,(/i,/2)(^),j = l,2 

where = 0(|z|), j = 1, 2. 

In order to obtain such coordinates, one can consider two transversal foliations 
of B by J'-holomorphic curves (see JB]) and then take these curves into the lines 
Zj = const by a local diffcomorphism. The direct image of the almost complex 
structure J under such a diffcomorphism has a diagonal matrix J' (zi, Z2) = {o,jk{z))jk 
with ai2 = 021 = and Ojj = i + ajj where ajj{z) ~ 0{\z\) for j = 1, 2. We point out 
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that the hnes Zj = const are J-holomorphic after a suitable parametrization (which, 
in general, is not linear). 

In what follows we omit the prime and denote this structure again by J. We may 
assume that the complex tangent space To{dD) n J{0)To{dD) = To{dD) n iTo{dD) 
is given by {z2 = 0}. In particular, we have the following expansion for the defining 
function p of D on U : p{z,z) = 2Re{z2) + 2ReK{z) + H{z) +0{\z\^), where K{z) = 

^u^z^iZ^^ ki,^ — k^ij and Ui^z^ — ^u^z^iZ^^ h^^^ — h^^i^. 

Lemma 6. The domain D is strictly Jst-pseudoconvex near the origin. 

Proof of Lemina\^ Consider a complex vector v = (ui , 0) tangent to dD at the origin. 
Let / : A ^ be a J-holomorphic disc centered at the origin and tangent to v: 
/(C) — v( + O(ICP)- Since A2 — 0{\z\), it follows from the J-holomorphy equation 
© that (/2)cf{0) = 0. This implies that (p o /)^^(0) = H{v). Thus, the Levi form 
with respect to J coincides with the Levi form with respect to Jst on the complex 
tangent space of dD at the origin. □ 

Consider the non-isotropic dilations Ag : (21,22) 1— *■ {S~'^^^zi,S~^Z2) = (wi,W2) 
with 5 > 0. If J has the above diagonal form in the coordinates {zi, Z2) in C^, then 
its direct image Jg — {Ks)^.{J) has the form J5{wi,W2) = {ajk{5^^'^'Wi,5w2))jk and 
so Js tends to Jst in the norm as (5 ^ 0. On the other hand, dD is, in the 
coordinates w, the zero set of the function ps = (5~^(/oo A^^). As 5 — > 0, the function 
ps tends to the function 2Rew2 + 2ReK{wi , 0) + H{wi , 0) which defines a Jst- strictly 
pseudoconvex domain by Lemma |5| So we may apply Proposition ^ This proves 
Theorem n in dimension 4. 

4.2.2. Case where dimM = 2n. In this case Proposition 0] is not directly applicable 
since J can not be deformed by the non-isotropic dilations to the standard structure. 
Instead we use the invariance of the Levi form with respect to the non-isotropic 
dilations. 

We suppose that in a neighborhhod of the origin we have J — Jst + 0{\z\). We 
also may assume that in these coordinates the defining function p oi D has the form 
p = 2ReZn + 2ReK{z) + H{z) + Odzp), where K and H are defined similarly to 
the 4-dimensional case and p is strictly J-plurisubharmonic at the origin. Wc use the 
notation z = {' z, Zn). 

Consider the non-isotropic dilations A^ : ('z, z„) 1-^ {w',Wn) = {S~^^^ z,d~^Zn) 
and set Jg = {As)t,{J). Then Js tends to the almost complex structure Jo(z) = 
Jst + L{'z,0) where L('z,0) = {Lkj{' z,0))kj denotes a matrix with Lkj = for 
A; = 1, n ~ I, j — I, n, L„„ = and Lnj{' z, 0), j — 1, n — 1 being (real) linear 
forms in 'z. 

Let ps = 5^^{p o A^^). As (5 — > 0, the function ps tends to the function p = 
2ReZn + 2ReK{'z, 0) + H{'z, 0) in the norm. By the invariance of the Levi form we 
have £.'^ {p){0){Aj^{v)) = C''''{p o Aj^){0){v). Since p is strictly J-plurisubharmonic, 
multiplying by S^^ and passing to the limit at the right side as S — > , we obtain 
that C-'"{p){0){v) > for any v. Now let v = ('^,0). Then Ag^{v) = S^^'^v and so 
£"^(p)(0)(w) = C"^^ {ps){0){v). Passing to the limit as S tends to zero, we obtain that 
C-^°{p){0){v) > for any v = {'v, 0) with 'v ^ 0. 

Consider now the function R = p + p^. Then (i?)(0)(i;) = (p)(0)(i;) -I- 
2vnVn, so R IS strictly Jo-plurisubharmonic in a neighborhood of the origin. Thus 
the functions R'^ used in the proof of Proposition 01 are strictly J'^-plurisubharmonic 
and their Levi forms are bounded from below by a positive constant independent of 
u. This allows to use PropositionOand the proof can be proceeded quite similarly to 
the proof of Proposition 0] without any changes. □ 
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Remark 1. As it was brought to our attention by J.P.Rosay, our proof of Theorem^ 
also gives the following local version. If D is an arbitrary domain (not necessar- 
ily relatively compact) in an almost complex manifold (M, J), strictly pseudoconvex 
at a boundary point q, then the estimate ^ still holds for any point p E D in a 
neighborhood of q. 
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